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52 ■ Abstract 

Stochastic processes on manifolds over non- Archimedean fields and 
with transition measures having values in the field C of complex num- 
^> I bers are defined and investigated. The analogos of Markov, Pois- 

■ son and Wiener processes are studied. For Poisson processes the 
, non-Archimedean analog of the Levy theorem is proved. Stochastic 

CN I antiderivational equations as well as pseudodifferential equations on 

' manifolds are investigated. 

O 

■ 1 Introduction. 

rl I Stochastic processes and stochastic differential equations on real Banach 

■ spaces and manifolds on them were intensively studied (see, for example, 

■ [|, g I, I, |10|, ll, ll, 13 |ll H] and references therein). The considered 
^ . there stochastic processes were with values in either real Banach spaces or 

manifolds on them. The results of these investigations were used in many 
mathematical and theoretical physics problems. In particular stochastic pro- 
cesses on some Lie groups were studied. On the other hand, the develop- 
ment of non- Archimedean functional analysis and non-Archimedean quan- 
tum physical theories and quantum mechanics poses problems of developing 
measure theory and stochastic processes on non- Archimedean Banach spaces 
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and manifolds on them p^, BO, Ell, O, |I6|, |14[. Some steps in this direction 



were made in @, 0] , but in these articles only realvalued and complexvalued 
stochastic processes were considered. 

In preceding works of the author measures and stochastic processes on 
non- Archimedean Banach spaces and totally disconnected topological groups 



with values in non- Archimedean spaces were investigated ||19|, E4l 25, 26 



27, EH]. Quasi- invariant measures on groups and manifolds were used for 



investigations of their representations |20, 21, 23 



In this article non-Archimedean stochastic processes and stochastic an- 
tiderivational equations on manifolds on Banach spaces over non- Archimedean 
fields are investigated. Moreover, wider classes of stochastic processes are 
considered in this work, than in preceding works of the author. Analogs of 
Levy processes are studied. More general classes of analogs of Gaussian mea- 
sures and Wiener processes are defined and investigated. Then it is found 
and proved a non- Archimedean analog of the Ito formula. 

It is necessary to note that in this article are considered not only manifolds 
treated by the rigid geometry, but much wider classes. For them the existence 
of an exponential mapping is proved. A rigid non-Archimedean geometry 
serves mainly for needs of the cohomology theory on such manifolds, but it 
is too restictive and operates with narrow classes of analytic functions [||. It 
was introduced at the beginning of sixties of the 20-th century. Few years 



later wider classes of functions were investigated by Schikhof In this 

paper classes of functions and antiderivation operators by Schikhof and their 
generalizations from works [2^, 2^ are used. 



The results of this paper permit to consider stochastic processes on non- 
Archimedean manifolds as well as more general classes of stochastic pro- 
cesses on non-Archimedean Banach spaces and totally disconnected topo- 
logical groups. Some other principal differences of the classical and non- 
Archimedean stochastic analyses are discussed in [2^. 



2 Stochastic processes for non-Archimedean 
locally K-convex spaces. 

To avoid misunderstanding we first give our definitions and notations. 
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2.1. Definitions and Notes. A measurable space {Q, F) with a prob- 
ability realvalued cr-additive measure A on a covering a-algebra F of a set 
Q is called a probability space and it is denoted by {Q, F, A). In the case 
of a complexvalued cr-additive measure A we suppose, that its variation |A| 
is a probability realvalued a-additive measure, which is natural, since |A| 
is a nonegative a-additive measure. Points u; G are called elementary 
events and values A (5) probabilities of events 5 G F. A measurable map 
^ : F) — i> {X, B) is called a random variable with values in X, where B is 
a covering cr-algebra of subsets of a locally K-convex space X, ^^^(B) C F, 
where K is a non-Archimedean field complete as an ultrametric space. 

The random variable ^ induces a normalized measure := A(^"^(A)) 

in X and a new probability space {X, B, i/^). 

Let T be a set with a covering cr-algebra TZ and a cr-additive measure 
1] : TZ C. Consider the following Banach space L'^{T,TZ,ri, H) as the 
completion of the set of all 7^-step functions f : T H relative to the 
following norm: 

(1) 11/11.,, := [It WfmMm'^' for 1 < g < oo and 

(2) ||/||r?,oo := ess — sup^gj.,^ 11/(^)11^5 where if is a Banach space over 
K, |?7| is a variation of rj, that is, \ri\ is a realvalued cr-additive measure. For 
< g < 1 this is the metric space with the metric 

(3) pm,9) ■■= [iT\\m - gmMm'^"- 

Consider now a complete locally K-convex space H, then if is a projective 
limit of Banach spaces H = limjiiQ,, vr^, T}, where T is a directed set, vr^ : 
Ha — > ii/3 is a K-linear continuous mapping for each ct > /?, vr^ : if — Ha 
is a K-linear continuous mapping such that vr^ o tTq, = vr^ for each a > (3 
(see §6.205 [0). Each norm pa on if^ induces a seminorm pa on if. If 
f : T ^ H, then Ha o f =: fa : T Ha- In this case L'^(T,7l,ri, H) is 
defined as a completion of a family of all step functions f : T H relative 
to the family of seminorms 

(1') ll/ll.,,,,a ■■= [iTpMimvlidt)]'/'', a G T, for 1 < g < oo and 
(2') ||/||,?,oo,a := ess - snp^^T^^ Pa{f{t)), aeT,oT pseudometrics 

(3') pUf,9) ■■= llTpMit) - g{mv\{dt)Y^', a G T, for < g < 1. 
Consequently, L'^(T,7l,ri, H) = lim{L'^(T, 7^, r], ffo,), vr^, T}. For example, T 
may be a subset of F or of R, where F denotes a non- Archimedean field. 

If T is a zero-dimensional Ti-space, then denote by C°(T, if) the Banach 
space of all continuous bounded functions / : T ff supplied with the 
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norm: 

(4) ||/||co:=sup,,^||/(t)||H<oo. 



For a set T and a complete locally K-convex space H over K consider 
the product of K-convex spaces :— HteT Ht in the product topology, 
where Ht := H for each t & T. 

Then take on either X := X{T, H) = L'i{T, 7^, rj, H) or X := X{T, H) = 
C^{T,H) or on X = X{T,H) — a covering cr-algebra B, for example, 
B D Bf{X), where Bf{X) denotes the Borel a-algebra of subsets of X for 
a given topology on X. Consider a random variable ^ : cu ^ ^{t,u!) with 
values in (X, B), where t & T. 

Events Si, Sn are called independent in total if ^(11^=1 Sk) = Y[k=i P{Sk)- 
Subalgebras C F are said to be independent if all collections of events 
Sk e Ffc are independent in total, where /c = 1, n, n G N. To each col- 
lection of random variables on {Q, F) with 7 G T is related the minimal 
(T-algebra Fx C F with respect to which all arc measurable, where T is a 
set. Collections {^^ : 7 G Tj} are called independent if such are Fx^, where 
Tj C T for each j — 1, n, n G N. 

Let T be such that card{T) > n. For X = C^iT,H) or X ^ 
define X{T, H; {ti, ...,tn)', {zi, Zn)) as a closed submanifold in X of all 
f : T H, f e X such that /(ti) = zi, f{tn) = Zn, where ti,...,tn 
are pairwise distinct points in T and zi,...,Zn are points in H. For X = 
L'i{T, TZ, T], H) and pairwise distinct points ii, t„ in T fl SMpp(|7y|) define a 
set X{T, H; {ti, tn); {zi, Zn)) as a closed submanifold which is the com- 
pletion relative to the metric pg (or a family of pseudometrics {pq^a '■ ct} re- 
spectively), where < g < 00, of a family of 7^-step functions f : T H such 
that f{ti) = zi, f{tn) = Zn- In these cases X{T, H; (ti, tn); (0, 0)) is 
the proper K-linear subspace of X{T,H) such that X{T,H) is isomorphic 
with X{T, H; (ti, t„); (0, 0)) since if / G X, then f{t) - f{ti) =: 
g{t) G X{T, H; ti, 0) (in the third case we use that T E TZ and hence there 
exists the embedding H ^ X). For n = 1 and to & T and ^1 = we denote 
Xo:=Xo{T,H) :=X{T,H;to;0). 

2.2. Definition. We define a stochastic process ^{t,u) with values in H 
as a random variable such that: 

(i) the differences ^(t4, c<j) — ^(^3, cu) and ^{t2, uj) — ^{ti, uj) arc independent 
for each chosen (ti,t2) and (^3,^4) with ti 7^ t2, 7^ t4, such that either ti or 
t2 is not in the two-element set {^3, ^4}, when T is a subset in R we suppose 
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additionally, that ti < t2 and ts < ^4, where uj G ^l; 

{ii) the random variable C(t,a;) — ^(m, tu) has a distribution /i-^* ", where 
is a probability complexvalued measure on (X(T, if), B) from §2.1, : = 

jji{g~^{A)) ioT g : X H such that g'^^ilZn) C B and for each A G 7^^, a 
continuous linear operator „ : X if is given by the formula Ff^^iO '■ — 
^(t,Lu) — ^{u,uj) for each ^ G L''(f2, F, A; X), where < r < cxd, TZh is a 
covering a-algebra of H such that F^^^ilZn) C B for each t 7^ u in T; 

(222) we also put ^(0,cij) = 0, that is, we consider a K-hnear subspace 
Uiyt, F, A; Xo) of Uiyt, F, A; X), where f2 7^ 0, Xq is the closed subspace of 
X as in §2.1. 

It is seen that ^(t, cu) is a Markov process with a transition measure 
P(m, X, t, A) = /i^*-" {A-x). 

This definiton is justified by the following Theorem. 

2.3. Theorem. Let either X = C'^{T,H) orX = or X = L3{T,n,7],H) 
with < g < 00 be the same spaces as in ^2.1, where the valuation group 
Fk is discrete in {0,oo). Then there exists a family \l/ of pairwise inequiv- 
alent stochastic processes on X of a cardinality cardi^^) > card{T)card{H) 

or cardi^^) > card{lZ)card{H) respectively. 

The proof is analogous to that of Theorem 1.4.3 [^] and Theorem 4.3 
as well as Note 4.4 ||2^ can be applied to the considered here case also. 

2.4. Definition. Let T be an additive group contained in R. Consider 
a stochastic process ^ G UiVL, F, A, Xo(T, H)) such that a transition measure 
has the form 

P(ti, X, t2, A) ■= P{t2 - ti, X, A) := exp(-p(t2 - ti))P{A - x) 
(see §3.2 pOf and §2.2 above) for each x E H and A G TZh and ti and ^2 in T, 
where p > is a constant. Then such process is called the Poisson process. 

2.5. Proposition. Let 

P{A — x) = f^ P{—x + dy)P{A — y) for each x E H and A G TZh, where 
P is a probability measure on H and T is an interval in R, 

then there exists a measure fi on Xo(T, H) for which the Poisson process 
exists. 

Proof. We take 

:= Pit2 - ti, 0, *)...P{tn - tn-u 0, *) on 

7^. t := -Ru X ... X 7^^ 
for each pairwise distinct points ti, G T, where 

/iti,...,t„ = ^^H,...,tA^^) and 
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is the natural projection, Ht = H for each t & T. There is a family A of all 
finite subsets of T directed by inclusion. In view of the Kolmogorov theorem 
(see Theorems 1.1.3, 1.1.4 and [|1^) the cyhndrical distribution fj, generated 
by the family P{t2 — ti,x,A) has an extension to a measure on Xq{T,H). 
All others conditions are satisfied in accordance with §2.2 and §2.4. 

2.6. Remark. Let i^' be a complete uniform (or in particular ultrauni- 
form) Tychonoff space. Put 

K"- := (x G K"^ : Xi ^ Xj for each i 7^ j). 
Supply K"^ with a product topology. Let also B'^ denotes the collection 
of all n-point subsets of K. For each subset A G K a number mapping 
Na '■ B'^ — >■ No is defined by the following formula: A^^(7) := card{'y fl A), 
where N := {1, 2, 3, ...}, No := {0, 1, 2, 3, ...}. 

2.7. Definitions and Remarks. As usually let 

where Bj^ := {0} is a singleton, Bk 3 x = {xn '■ Xn € B'^,n = 0,1,2,...). 
If a complete (ultra) uniform space X is not compact, then there exists an 
increasing sequence of subsets Kn C X such that X = IJn Kn and Kn are 
complete spaces in the uniformity induced from X. Moreover, Kn can be 
chosen clopen in X, when X is ultrauniform. Then the following space 

:= {7 : 7 C X and cardi^j fl Kn) < 00 for each n} 
is called the configuration space and it is isomorphic with the projective limit 
pr - lim{BK„,7Tl^,'N}, where 7r^(7m) = In for each m > n and 7^ G Bk^. 
Then HJ^Li -Bj^^ =: Y m the Tychonoff product topology is ultrauniformiz- 
able, that induces the ultrauniformity in Tx, for example, 

p{x,y) := dn{xn,yn)p~"' is the pseudoultrametric in Tx for a family of 
pseudoultrametrics dn on Bk„, 

where n = n{x,y) := min(^^.^j^.) j, x = {xj : j G N,Xj G Bk,), 1 < p G 
N, since each complete ultrauniform space is a projective limit of complete 
ultrametric spaces ^ (about dn in the case of ultrametric spaces see pT|). 

Let K G {Kn '■ n G N}, then rriK denotes the restriction m\Ki where 
m : 7?. — i> C is a cr-additive measure on a covering cr-algebra TZm of X, 
Kn G IZm for each n G N. Suppose that KJ" G T^m" for each n and / 
in N, where TZm" is the completion of the covering cr-algebra TZ^ of X"' 
relative to the product measure m" = {8)"=i'^j5 ""^j = '"^ for each j. Then 
®^=i{f^K)j is a measure on 7^" and hence on i^", when m is such 
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that \m\{K"' \ K"-) = 0, where {mK)j = tuk for each j. Let |m|(X) < oo. 
Then 

{i) PK,m exp(-m(ir)) T,'^=omK,n/n\ 
is a measure on 7l{Bx), where 

rriKfi is a probabihty measure on the singleton B^, and m^.n are images of 
under the foUowing mappings: 

p'k-K'' 3 {Xi, Xn) ^ {Xi, Xn} & B^. 

Such system of measures PK,n is consistent, that is, 

K{PKi,m) = PK„,rn for Cach U < I. 

This defines the unique measure Pm on TZ{rx), which is called the Poisson 
measure, where 7r„ : F — > Bk„ is the natural projection for each n G N. 
For each ni, .., e Nq and disjoint subsets Bi, Bi in X belonging to TZ^ 
there is the following equality: 

(22) P™(n5=i{7 : carci(7 n B,) = m}) = nLi^(^i)"^ exp{-m{Bi))/nil 
There exists the following embedding Fx ^ Sx, where 
Sx '■= liKij-^'ifn, TT^; N} is the limit of an inverse mapping sequence, 
Ek := ©/=o for each X e : n = 0, 1, 2, ...}. 
The Poisson measure Pm on TZ{rx) considered above has an extension on 
TZ{Sx) such that \Pm\{Sx \ Px) = 0. If each Kn is a complete K-linear space 
(not open in K), then Ek and Sx are complete K-linear spaces, since 

Sx^{I{n=lEK„)- 

Then on 7^(5'x) there exists a Poisson measure Pm, but without the restric- 
tion Im^KX" \ K^) = 0, where 

(m) P;,,™ := exp(-m(X))E^=o^K/^!, 

T^WPKi,ni) = PK„,rn for cach n < /. 

2.8. Corollary. Let suppositions of Proposition 2.5 he satisfied with 
H — Sx for a complete K.-linear space X and P{A) = Pm{A) for each 
A e TZ{Sx) (see ^2.7), then there exists a measure /i on Xq{T, H) for which 
the Poisson process exists. 

2.9. Definition. The stochastic process of Corollary 2.8 is called the 
Poisson process with values in X. 

2.10. Note. If ^ e L''(n, F, A; Xo(T, F)) is a stochastic process with 
values in a Hilbert space Y over C, then its mean value for ^1,^2 £ T is 
defined by the following formula: 

(i) Mt,,tM-= j^yP{ti,^M,dy), 
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where P{ti, yi, t2, A) is a transition probability of ^ corresponding to ^(ti, a;) = 
yi, ^(^2, uj) ^ A, A G Bf(Y). For ti = to we may simply write Mt^, if ti and t2 
are definite moments, then they may be omitted and we may write M instead 
of Mt^^t2- Let if = K be a field, where Qp C K C Cp, let also A be a prob- 
ability realvalued measure. Let T be an interval [to, B\ in R, where R > to- 
Consider a multiplicative character for a field K, vr : K \ {0} ^ C, vr = tTq 
for some a E C such that na{x) := |a;|J^"^7ro(x|a;|K), where ttq : ^ is 
a multiplicative character on := {x G K : |x|k = 1}, Cp D K D Qp, 

:= {z E C : \z\ = 1} (about a character see, for example, §VI.25 and 
§111.2 |3^). We take a with Re{a) > 1 and consider an extension of 
continuous function such that 7ia{0) = 0. 

2.11. Theorem. Let ip be a continuously diff'erentiable function, from 
an interval T C R into R and ip{0) = 0. Then there exists a stochastic 
process ^{t^oj) such that 

Mi(exp(-p7r[e(t,^)])) = exp(-tV^(p)) 
for each t in T and each constant p > 0, where vr : K \ {0} ^ C is a 
multiplicative continuous character as in %2.10. 

Proof. We consider solution of the following equation 

Mi[exp(-p7r[e(t,^)])] = exp(-t^(p)) 

taking to = without loss of generality. Then e(t) = e(t — s)e(s) for each t 
and s in T and each p > 0, where 

e,(t) := e(t) := Mt(exp(-p7r[e(t, cu)])). 
Hence 

dep(t)/dp = —ttp'{p)exp{—tip{p)), consequently, 

^'(P) = t-H/K^(0exp(-p7r(/))P({cu : e(t,cu) E dl}) 
for each t 7^ 0. In particular, 

^'(p) = limi_o,t^ot-H/K7r(/)exp(-p7r(/))P({a; : ^(t,^;) E dl}). 
By the conditions of this theorem we have 

^Pia) = J,"^|J'iP)d(3. 
Consider a cr-additive measure m on a separating covering ring 7^(K) such 
that 7^(K) D Bf(K) U {0} with values in C given by the formula 

m{dl) := limt^o,i^o 7r(/)P({w : ^{t,u) E dl])/t 
on K \ {0}, m({0}) = mo and consider a a-additive measure n such that 

m{dl) = 7r{l)n{dl) for / ^ 0. 
Therefore, 
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V'(P) = /o''(/Kexp(-/?7r(/))m(rf/))rf/?. 
The character n is continuous and multiphcative, that is, 7i{ab) = 7i{a)n{b) 
for each a and 6 e K \ {0}. Prom ■0(0) = we have eo{t) — 1 for each t > 0, 
consequently, 

V'(p) = P^o + /k\{o}[1 - exp{-p7i{l))]n{dl), 
since tt as the continuous function has the extension on K with 7r(0) = and 

\imi^o^i^o[l - exp(-p7r(/))]/7r(/) = p and 

^r^n/.x. Jl-exp(-p7r(0)MdO = 

for each A; > 0. Then 

ip{p) = /k[1 — exp{—pn{l))]n{dl). We search a solution of the problem in 
the form 

7r(^(i, c^;)) = tnio + /k 7r(0^([0, t] , dZ, a;), 
where r]{dt, dl,uj) is the realvalued a-additive measure on Bf(T) x 7?.(K) for 
each u; G f2 such that its moments satisfy the Poisson distribution with the 
Poisson measure P^, that is, 

Mi[r?'=([0, t],dl, u)] = E.<fc as,kitnyidl)/s\ 
for each < t eT, where 

ak,j = J2 j!/(si!...Sfc!) 

Sl+...+Sjfc=j,Sl>l,...,S(t>l 

for each k < j. Using the fact that the set of step functions is dense in 
L'■(K,7^(K),n, Cp) we get 



Mt[eM-p / n{l)ri{[Q,t],dl,u))]^limMt[]leM-pAljH[0,t],5j,u;))] 

JK ^ ■ 

-- lim[]Mt[exp(-p7r(ij)77([0,t],(5j-,a;))] = limexp(-pi ^(l-exp(-p7r(ij)))n(5j)) 



z 
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— exp[— / {1 — exp(— p7r(Z))}n((iZ)], 

where is an ordered family of partitions W of K into disjoint union of 
elements of 7?.(K), W < V in 2 if and only if each clement of the disjoint 
covering W is a union of elements of V, /j £ 5j G W G -Z. We get the equation 

Mt[exp(-p7r[e(t,c^)])] = Mi[exp(-p [ 7T{l)r){[0,t],dl,uj))]. 

JJ\. 
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This defines the stochastic process 7r[^(t, u)] with the probabihty space {Q, F, A). 
If / G L'-in, F, A;Xo(T,C)) and f{n x T) C 7r(K) C C, then there exists 
h G L^{Q, F, A; Xq(T, K)) such that / = 7r[/i]. Since vr is continuous on K and 
locally constant on K \ {0}, then due to §2.3 and Corollary 2.8 above there 
exists a K-valued stochastic process ^ for a given complexvalued stochastic 
process 7r[,^] with the measure space {fl, F, A) (see also §4.3 [pOp. 

2.12.1. Notes. For a continuous function c(t) and a nonnegative mea- 
sure n on T X K such that /k\{o}(1 ~ exp(— 7r(/))n((0, t] x dl) < oo for each 
if: > there exists a K-valued stochastic process ^(t,u!) such that 

Mi,,,Jexp{-p(7r(e(t2,^)) - = exp[-p{cih) - c(ti))] 

[1 -exp(-p7r(/))]n((ti,t2] x dl)] 



IK\{0} 

for each p > and ti < t2 with a Poisson measure rj having mean n{dt x dl). 



This can be proved analogously to §4.10 |]13| using §2.11 above and with the 
help of disjoint pavings of K by clopen balls instead of intervals (/i, I2] in the 
real case. For this put 



vr(e(t,^)) = c(t) + J^^^^^<lMO,t] X dl) 

for each t > 0, where rjldt x dl) is a number of jumps of magnitude s & dl in 
time dt. 



2.12.2. Notes. In [25| and in II [2S] was considered an analog of a 
Gaussian measure and of a Wiener process. That construction is generalized 
below and additional properties are proved conserning moments of a Gaussian 
measure and an analog of the ltd formula. 

Let X be a locally K-convex space equal to a projective limit lim{Xj, (pj, T} 
of Banach spaces over a local field K such that Xj = Co{aj, K), where the lat- 
ter space consists of vectors x = {x^ '■ k G a^), Xk G K, ||x|| := sup;. ja^fclK < 
00 and such that for each e > the set {k : Ix^Ik > e} is finite, aj is a set, that 
is convenient to consider as an ordinal due to Kuratowski-Zorn lemma [^, P5| ]; 
T is an ordered set, 0| : Xj — is a K-linear continuous mapping for each 
j > I & T , (f)j : X Xj is a projection on Xj, (f)iO(f)j = (pj for each j > / G T, 
4>k ° 4>i = 4>k each j > / > A; in T. Consider also a locally R-convex 
space, that is a projective limit Y = lim{/2(Q;j, R), ipj, T}, where hictj, R) is 
the real Hilbert space of the topological weight w{l2{aj,lV)) = card{aj)tio. 
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Suppose B is a symmetric nonegative definite (bilinear) nonzero functional 

2.13. Definitions and Notes. A measure /z = fJ'q,B,'y on X with values 
in R is called a g-Gaussian measure, if its characteristic functional /t has the 
form 

ll{z) = exp[-B{vg{z),Vg{z))]xj{z) 

on a dense K-linear subspace Oq^B,x in X* of all continuous K-linear func- 
tionals z : X — > K of the form z{x) = Zj{(j)j{x)) for each x E X with 
Vq{z) G Db,y, where is a nonegative definite symmetric operator (that 
is, bilinear R-valued symmetric functional) on a dense R-linear subspace 
Dbx in F*, B : D^y ^ R, j G T may depend on z, Zj : Xj K is 
a continuous K-linear functional such that zj = J2k£a 

count- 
able convergent series such that Zkj G K, is a continuous K-linear func- 
tional on Xj such that e^(e;j) = 5f is the Kroneker delta symbol, eij is the 
standard orthonormal (in the non-Archimedean sence) basis in co(aj,K), 
Vq{z) = Vq{zj) := {\zk,j\j!^ : /c G ttj}. It is supposed that z is such that 
Vq{z) G hidj, R), where g is a positive constant, x-yi^) '■ X ^ is a. contin- 
uous character such that X-yi^) = x{^{l))j 7 G X, x : K ^ SMs a character 



of K as an additive group (about a character see, for example, §VI.25 [|TT 
and §111.1 13). 

A symmetric nonegative definite operator B is called a correlation oper- 
ator of a measure /i. If F is a Hilbert space with a scalar product (*,*), 
then due to the Riesz theorem there exists E G L{Y) such that B{yi,y2) = 
{Eyi,y2) for each yi, y2 G Y. Therefore, B is also called operator. 

2.14. Proposition. A q-Gaussian measure on X is a-additive on some 
a-algebra A of subsets of X. Moreover, a correlation operator B is of class Li, 
that is, Tr{B) < oo, if and only if each finite dimensional over K projection 
of II is a a-additive q-Gaussian Borel measure. 

Proof. From Definition 2.13 it follows, that each one dimensional over K 
projection h^k. of a measure n is cr-additive on the Borel cr-algebra -B/(K), 
where 7^ x = Ck^i G X;. Therefore, /i is defined and finite additive on a 
cylindrical algebra U := Ufci,...,fc„;i 0rM(4i,...,fc„)"^(^/(^PK{efci,z, •-, efc„,z}))], 
where : X; — > spK(efci,«, •••,efc„,;) is a projection on a K-linear span 

of vectors Ckj^^i, ...,ek„,i- This means that /i is a bounded quasimeasure on 
U. Since fi is the positive definite function, then /i is realvalued. In view 
of the non-Archimedean analog of the Bochner-Kolmogorov theorem (see 
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1.2.27 |2^) /i has an extension to a cr-additive probability measure on a a- 
algbera aU, that is, a minimal cr-algebra of subsets of X containing U. If 
J : Xj ^ Xj is a K-linear operator diagonal in the basis {e^j : k}, then for 
z such that z{x) = Zj{(j)j{x)) for each x G X and a symmetric nonegative 
definite operator F as in §2.13 

(z) F{vg{z o J),Vq{z o J)) = where 

(ii) Ek,i = Fk,i\Jk,k\'^/^\Ji,i\'^^^ for each k,l e aj. If F e La (that is, 
G Li) and J E Lq (that is, diag{yi{Ji^i) : /) G Lg), then 
(m) G Laq/{a+q) for cach a > (see Theorem 8.2.7 In particular, 

taking a tending to oo and F = I we get E E Lq, since Loo is the space 
of bounded linear operators. Using the orthonormal bases in Xj for each 
j we get the embedding of Xj into its topologically adjoint space X* of all 
continuous K-linear functionals on Xj. For each z G X* there exists a non- 
Archimedean direct sum decomposition X = X^ © ker{z), where X^ is a one 
dimensional over K subspace in X. Therefore, the set Dq B,x of functionals z 
on X from §2.13 separates points of X. If for a given one dimensional over K 
subspace in X it is the equality B{vq{z),Vq{z)) = for each z G W, then 
the projection fiw of /i is the atomic measure with one atom being a singleton. 
li B E Li, then _B(t>g(z), t>g(2;)) and hence fi{z) is correctly defined for each 
z E Dq^B,x- From Equalities {i,n), Inclusion (iii) above and analogously to 
Theorem II. 2. 2 |^8[ we get the second statement of this theorem. 

2.15. Corollary. Let X be a complete locally K.-convex space of sep- 
arable type over a local field K, then for each constant q > there exists 
a nondegenerate symmetric positive definite operator B E Li such that a 
q-Gaussian measure is a-additive on Bf{X) and each its one dimensional 
over K projection is absolutely continuous relative to the nonnegative Haar 
measure on K. 

Proof. A space Y from §2.12 corresponding to X is a separable locally 
R-convex space. Therefore, F in a weak topology is isomorphic with 
from which the existence of B follows. For each K-linear finite dimensional 
over K subspace 5" a projection /^'^ of on 5 C X exists and its density 
fi^{dx)/w{dx) relative to the nonegative nondegenerate Haar measure w on 
S is the inverse Fourier transform F~^{fi\s*) of the restriction of ft on S* (see 
about the Fourier transform on non- Archimedean spaces §VII ^^). For such 
B each one dimensional projection of /i corresponding to fi has a density that 
is a continuous function belonging to L^(K, w, _B/(K), R), where w denotes 
the nonnegative Haar measure on K. 
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2.16. Proposition. Let /ig,_B,7 and iJ,q,E,s be two q-Gaussian measures 
with correlation operators B and E of class Li, then there exists a convolution 
of these measures /ig,B,7 * f^q,E,s, which is a q-Gaussian measure ^q^B+E,'y+s- 

Proof. Since B and E are nonnegative, then {B + E){y,y) = B{y,y) + 
E{y, y) > for each y eY , that is, B + E is nonegative. Evidently, B + E is 
symmetric. In view of p4[ B + E is of class Li. Therefore, fig^B+E,-y+s is the 



(T-additive g-Gaussian measure together with /ig,_B,7 and fiq^E,s in accordance 
with Theorem 2.14. Moreover, fiq^B+E,-y+s is defined on the cr-algebra aDs+E 
containing the union of a-algebras ctUb and crU^ on which fiq,B,-y and fiq^E,5 
are defined correspondingly, since ker{B + E) G ker{B) fl ker{E). Since 

P'q,B+E,-y+5 = iiq,B,-,fj'q,E,5, then jJ^q^B+E^+S = l^q,B,^ * IJ'q,E,5 (sCC PropOSitioU 

1.2.11 and use projective limits). 

2.17. Definitions. Let B and q be as in §2.14 and denote by /iq,B,7 
the corresponding g-Gaussian measure on H. Let ^ be a stochastic process 
with a real time t G T C R (see §2.2), then it is called a non- Archimedean 
g- Wiener process with real time, if 

{ay the random variable ^(t, u) — ^(m, uj) has a distribution iiq^(t-u)B,'y for 
each t ^ u eT. 

Let ^ be a stochastic process with a non-Archimedean time t G T C F, 
where F is a local field, then ^ is called a non- Archimedean g- Wiener process 
with F-time, if 

(iz)" the random variable ^(t, uj)—^{u, u) has a distribution /ig,/n[xp(t-w)]B,7 
for each t u E T, where xf ^ F >S'^ is a continuous character of F as the 
additive group. 

2.18. Proposition. For each given q-Gaussian measure a non- Archimedean 
q-Wiener process with real (F respectively) time exists. 

Proof. In view of Proposition 2.16 for each t > u > b a random variable 
C,(t,u) — ^(6, tu) has a distribution fiq,(t-b)B,'r for real time parameter. If t, u, 
b are pairwise different points in F, then C,{t,uj) — ^{b,uj) has a distribution 
fJ'q,inlxF{t-b)]B,'r^ siucc ln[xF(t - u)] + ln[xF{u - b)] = ln[xF(t - b)]. This 
induces the Markov quasimeasure fi'^lr on {YlteTiHt, Uf)), where Ht = H 
and Ut = Bf{H) for each t G T (see §VI.1.1 |[ and §3 in I [||]). Therefore, 
the Chapman- Kolmogorov equation is accomplished: 

P(6, X, t,A)= [ P{b, X, u, dy)P{u, y, t, A) 

JH 

for each A G Bf{H). An abstract probability space {Q, F, A) exists due to the 



13 



Kolmogorov theorem, hence the corresponding space U exists. Therefore, 
conditions of defintions 2.2 and 2.17 are satisfied. 

2.19. Proposition. Let ^ be a q-Gaussian process with values in a 
Banach space H = co(a,K) a time parameter t & T and a positive definite 
correlation operator B of trace class and 7 = 0, where card{a) < Kq, either 
T C R or T C F. Then either 

« limMMv,{e\at,uj)),...,v,{e''iat,u;ml = tTr{B) or 
(u) limMt||K(ei(e(t,cu)),...,t;,(e^(e(t,cu))||2 = [/n(xF(t))]Tr(5) respective 

Proof. At first we consider moments of a g-Gaussian measure /Ug^B,7- 
We define moments m^(e-^^, e-"') := jj^V2q{e^^{x))...V2q{e^''{x))iJiq^B,i{.dx) for 
hnear continuous functionals e-'^, ...,e^'' on H such that e'(e_,) = where in 
our previous notation {cj : j G a} is the standard orthonormal base in H. 

Consider partial pseudodifferential operators pdj given by the equation 

(m) pdj^ix) := fj\\x,\^m){x), 

where the norm |6|k = modj^lb) on K is chosen coinciding with the modular 
function associated with the nonnegative nondegenerate Haar measure w on 
K (about the modular function see |^), u G C\{ — 1}, ip := Fj (■?/') is 
the Fourier transform of by a variable xj G K such that fj is defined 
relative to the Haar measure w on K ||3^. From the change of variables 
formula Jj^ f{ax + b)g{x)w{dx) = j-^ f{y)g{{y — h) / a)\a\^w{dy) for each / 
and g G iv^(K, Bf(K),w, C), a 7^ and 6 G K, also the Fubini theorem and 
the Fourier transform on K it follows that /_„ * fu+i = fu+i~a for m 7^ a and 
rK(M + 1)I0Ik = F(|sjf), where fu{xj) := |x,|"'VrKH, Fk is the non- 
Archimedean gamma function, Tiq{u) := /j^ \z\'^^x{^)^idz), x : K — 5*^ is 
the character of K as the additive group such that x{^) '■= TVJLi Xp{z'j)y ^'j ^ 
Qp, z = {z'l, z'm) G K for K considered as the Qp-linear space, m G N, 
diniQpK. = m, Xp '■ Qp is the standard character such that Xpiu) '■ = 

exp{2ni{y}p), {y}p := Ei^qO-iP^ for blQp > 1 and {y}p = for \y\Qp < 1, 
y = Hi^iP^ ai G {0,1,..., p- 1}, / G Z, min(/ : a, 7^ 0) =: ordp{y) > -00. 
Therefore, pdj\xj\"' = \xj\'^~'^TiQ{n) /Tj^^n — u), where n G C \ { — 1}. A 
function ip for which pdjip exists is called pseudodifferentiable of order u by 
variable xj. 
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Fromm^/^(e^i,...,e^'^) = F-i(|xjJ'?/2...|xjj9/2F(/i))(0), since F(/i^) = f{h)* 
F{g) for functions h and g in the Hilbert space L'^(K, Bf{'K),w, C) it follows 
that m^f(e^S...,e^-) = pdf... pdf^m) = ([ p/^^/T'MO)).(e,,, e,,J, 
where pD''^'^ is a K-linear pseudo differential operator by x G such that 
( pD'}/^^/j{x)).ej := pdf^i/jix). Then 



iv) mli^{e^\...,e^^-) = (-l)"(n!)-^2-"[ pD'^/'^Y''[B{vg{z),Vg{z)]'^.\ 



= (n!) ^2 "X^aeSan ^'T(jl),,7(j2)---^<7(i2n-l),aO-2„)> 

since 7 = and XtI^) = where is the symmetric group of all bijective 
mappings cr of the set {!,... ,/c} onto itself, Bij := B{ej,ei), since F* = 
Y for y = /2(«)R)- Therefore, for each B E Li and A G -Lqo we have 
Jh A{vq{x),Vq{x))iJq^B,o{dx) = llmivga E^i E^=i ^^fc^^^^ (cj , Cfc) = Tr(v45). 

In particular for A = / and /iq,t_B,o corresponding to the transition measure 
of C,(t, u) we get Formula (i) for a real time parameter, using fiq,in[xpit)]B,o we 
get Formula (ii) for a time parameter belonging to F, since ^(to,i^) = for 
each u. 

2.20. Corollary. Let H = K. and ^, 5 = 1, 7 6e as in Proposition 2.19, 
then 

{i) M(/ <i){t,u)\di{t,u)\l,) = M[f <p{t,u)dt] 

Jte[a,b] Ja 

for each a < b E T with real time, where (j){t,u!) G U, A, Cq(T, R)) 

^ G U, A, Cq(T, K)), U, A) is a probability measure space. 

Proof. Since /^^[^ ^)|^ 
= lira^^„^(^tj+i~tj)-.oY.f=i<Pi'tj,uj)\^{tj+i,uj) - ^{tj,uj)\l^ for A-almost all cv G 
f2, then applying Fromula 2.19.(2) to each — ^(tj,t^)lK taking 

the limit by finite partitions a = ti < t2 < ... < ^at+i = & of the segment 
[a,b] we get Formula 2.20.(i). 

2.21. Remarks. In the classical case with q = 2 and R instead of 
K there is analogous formula M{[f^^y^^(j){t,Ljj)dBt{uj)Y) = M[JI^ (j){t,ujydt 
known as the ltd formula (see the classical case in [|, ||, ^ ||, |10|, |12|, |13|, ^ 

Another analogs of the Ito formula were given in II |^S[. Certainly it 
is impossible to get in the non-Archimedean case all the same properties of 
Gaussian measures and Wiener process (Brownian motion) as in the classical 
case. Therefore, there are different possibilities for seeking non- Archimedean 
analogs of Gaussian measures and Wiener processes depending on a set of 
properties supplied with these objects. Giving our definitions we had the 
intention to take into account the most important properties. 
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Since f{X'r){y) = - l) and [5{y - 7) * h{y)]{x) = h{x - 7) for 
any continuous function h, then J^lxj-^ — — 7ife|^^^ 0^/^9,5,7 = 

Ih l^ji l*^^---l^ifc l*^^^A*g,s,0) consequently, 7 plays in some sence the mean value 
role. 

If A > on F = kia, K), then 

fJ'q,B,o{^ '■ Mvq{x),'"g{x)) > 1} < Tr{AB) and 

li,,B,o{^ : \A{v,{x),Vg{x)) - Tr{AB)\ < c{Tr{AB)y/'} > 1 - 2||A5||/c2 
for each c > due to the Chebyshev inequality and Formula 2.19. (iv). 

2.22. Definitions and Notes. Consider a pseudodifferential operator 
on H — Co (a, K) such that 

0<fceZ;ji,...jfceQ 

where b'^^^ j^ e R, pdj^, := pdj^. If there exists n := max{k : b'^^^ j^ ^ 
0, ii, ■■■■,3k £ then n is called an order of A, Ord{k). If A = 0, then by 
definition Ord{A) = 0. If there is not any such finite n, then Ord{A) = oo. 
We suppose that the corresponding form A on 0;, Y'' is continuous into C, 
where 

(ii) = - E i-i)%,...j,yh-yj>., 

0<A;GZ;jri,...,jrfcGo 

y G /2(tt,R-) =: If Mv) > each y 7^ in F, then A is called 
strictly elliptic pseudodifferential operator. The phase multiplier (— i)^ is 
inserted into the definition of A for in the definition of pdj it was omitted 
in comparison with the classical case. 

Let X be a complete locally K-convex space, let F be a corresponding 
complete locally R-convcx space (sec §2.12), let Z he a complete locally C- 
convex space. For < n G R a space of all functions f : X ^ Z such that 
f{x) and ( pD^f{x)).{y^,...,y^^''^) are continuous functions on X x y'W, 
l{k) :— [k] + sign{k} for each A; G N such that k < [n] and also for 
A; = n is denoted by pC"(X, Y, Z) and / G pC"(X, F, Z) is called n times 
continuously pseudodifferentiable, where [n] < n is an integer part of n, 
1 > {n} := n — [n] > is a fractional part of n, sign{b) = 1 for each 
b > 0, sign{0) = 0, sign{b) = -1 for & < 0, y^, ...,y^'^''^ G Y. Then 
pC°°{X,Y,Z) := n~=i pC"(X,y,Z) denotes a space of all infinitely pseu- 
dodifferentiable functions. 

2.23. Theorem. Let A be a strictly elliptic pseudodifferential operator 
on H = co{a,K.), card{a) < Kq, and let t G T = [0,6] C R. Suppose also 
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that uo{x — y) G L'^{H, B f (H) , fj,^^, C) for each marked y E H as a function 
byxeH, uo{x) e pC^"^^^\H, Y, C). Then the non-Archimedean analog of 
the Cauchy problem 

(i) du(t,x)/dt = Au, u{0,x) = uo{x) 

has a solution given by 

(a) u{t,x)= uo{x - y)fi^-i^{dy), 



H 



where yU^^ is a a-additive Borel measure on H with a characteristic functional 

Proof. In accordance with §§2.12 and 2.22 we have Y = l2{a,Il). In 
view of the conditions of this theorem the function exp[—tA{vi{z))] is con- 
tinuous on H "—>■ H* for each t e R such that the family H of continuous 
K-linear functionals on H separates points in H. In view of the Minlos- 



Sazonov theorem 1.2.35 ||26| it defines a a-additive Borel measure on H for 
each t > and hence for each t G (0, b]. The functional A on each ball of ra- 
dius 0<i?<cxDinFisa uniform limit of its restrictions [spj^(ei,...,e„)]*) 

when n tends to the infinity, since A is continuous on 0^ F^. Since uo{x—y) G 
L^{H, Bf{H),fi^^, C) and a space of cylindrical functions is dense in the lat- 
ter Hilbert space, then due to the Parceval-Steclov equality and the Fu- 
bini theorem it follows that limp^jF pxUo{Px))fi^^{y + Px) converges in 
L'^{H, Bf{H), n^^,C) for each t, since /it^^*yUt2A = /^(ti+tz)^ ^^^^ ^i' ^2 and 
ti + ^2 G T, where P is a projection on a finite dimensional over K subspace 
Hp := P{H) in if. Hp H, P tends to the unit operator / in the strong op- 
erator topology, FpxUo{Px) denotes a Fourier transform by the variable Px G 
Hp. Consider a function v := F^(u), then dv{t,x)/dt = —A{vi{x))v{t,x), 
consequently, v{t,x) = vq{x) exp[—tA{vi{x))]. From u(t,x) = F~^{v{t,x)), 
where as above Fx{u) denotes the Fourier transform by the variable x E H 
such that Vx{u{t,x)) = lim„^oo Fa;i,...,x„'u(^, a;). Therefore, u{t,x) = Uq{x) * 
^x\i^tA) = ShUo{x - y)^itA{dy), since uo{x - y) G L^{H, Bf{H), fi^^,C) 
and /ij^ is the bounded measure on Bf{H) and \JfjUo{x — y)^^^{dy)\ < 

Uh ko(a; - y)\'^fit^idy))f^tAiH) < 00. 

2.24. Note. In the particular case of Ord{A) = 2 and A corresponding 
to the Laplace operator, that is, A{y) = gijUiVj, Equation 2.23. (i) is 
(the non-Archimedean analog of) the heat equation on H. This provides the 
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interpretation of the 2-Gaussian measure jj^^ = /i2Mo- -^^^ dimj^H < oo the 
density fi^^{dx)/w{dx) is called the heat kernel, where w is the nonnegative 
nondegenerate Haar measure on H. 

For Ord{A) < oo the form AQ{y) corresponding to sum of terms with 
k = Ord{f\) in Formula 2.22. (ii) is called the principal symbol of operator 
A. If v4o(y) > for each y 7^ 0, then A is called an elliptic pseudodifferential 
operator. Evidently, Theorem 2.23 is true for elliptic A of Ord{A) < 00, 
since exp[—tA{vi{z))] is the bounded continuous realvalued positive definite 
function. 

2.25. Remark and Definitions. Let linear spaces X over K and Y 
over R be as in §2.12 and i? be a symmetric nonegative definite (bilinear) 
operator on a dense R-linear subspace Db,y in Y*- A quasimeasure /i with 
a characteristic functional 

/i(C,x) := exp[-CB{vg{z),Vg{z))/2]x^{z) 

for a parameter ( E C with Re{() > defined on Dq^B,x is called a complex- 
valued Gaussian measure and is denoted by ^iq,(^B,'^ also, where ^q,B,x '■= {z G 
X* : there exists j G T such that z{x) = Zj{(l)j{x)) Wx G X, Vq{z) G Db,y}- 

2.26. Proposition. Let X = Dq B,x o^nd B he positive definite, then 
for each function f{z) := Jj^ Xz{x)h'{dx) with a complexvalued measure v of 
finite variation and each Re{() > there exists 



l^fiz)fi^Bidz) = lim|^/(Pz)/i[2(d 



z 



exp{-CB{vq{z), Vg{z))/2)xjiz)i^{dz), 

where ^i^P\p-^{A)) := n{P-\A)) for each A G Bf{Xp), P : X ^ Xp is 
a projection on a K.-linear subspace Xp, a convergence P I is considered 
relative to a strong operator topology. 

Proof. A complexvalued measure u can be presented as z/ = i/i — 1/2 + 
iu^ — W4, where uj are nonnegative measures, j = 1, 4, z = (—1)^/^. Using 
the projective limit decomposition of X and §2.27 in I we get that 
(^^) Ix fi^)l^(;B{dz) = limp^j fx f{Pz)jj^^^{dz). On the other hand, for 
each finite dimensional over K subspace Xp 

(ttt) J^fiPz)fifp\dz) = J^^{expi-CBivgiz),Vgiz))/2)x,iz)}\x,i^''-idz). 
Since each measure uj is nonegative and finite, then due to Lemma 2.3 and 
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§2.6 in I there exists the hmit 

= Ix (iWi-CBivq{z),Vq{z))/2)xyiz)iy{dz). 

2.27. Proposition. If conditions of Proposition 2.26 are satisfied and 



I |/(Px)|u7^^(dx) < oo 



IXp 

for each finite dimensional over K subspace Xp in X , then Formula 2.26. {i) 
is accomplished for ( with Re{() = 0, where w^^ is a nonegative nondegen- 
erate Haar measure on Xp. 

Proof. The finite dimensional over K distribution fi'^[^ ^/w^^{dx) = 
^^^iP'q,iB,'y\xp) IS locally w^^-^-integrable, but does not belong to the space 
L^{Xp, B f{Xp),w^p, C). In view of Condition 2.27. (i) above and the Fubini 
theorem and using the Fourier transform of generalized functions (see §VII.3 
[ p7[| ) we get Formulas 2.26. {ii, Hi). Taking the limit by P — * J we get Formula 
2.26. (i) in the sence of distributions. 

2.28. Remark. A measure fJ-q,iB,-y is the non-Archimedean analog of the 
Feynman quasimeasure. Put 



(i) F I f{x)^q^iB,^{dx) := lim / f{x)l2q^(;B,^{dx) 
Jx C^iJX 

if such limit exists. If conditions of Proposition 2.26 are satisfied, then 
ip{C) '■= Ix fi.^)l^q,c,B,'y{.dx) is the holomorphic function on G C : Re{Q > 
0} and it is continuous on G C : Re{() > 0}, consequently, 

(ii) F f{x)nq^iB,^{dx)=l e:^p{-iB{vq{x),Vq{x))/2]x-t{x)v{dx). 



3 Stochastic processes on non-Archimedean 
manifolds. 

To avoid misunderstanding at first definitions and notations are given. 

3.1. Definitions and Notes. Let M be a C"-manifold on a Banach 
space X over a non- Archimedean field K complete relative to its norm with 
an atlas At{M) := {{Uj,(l)j) : j G Am} such that Uj is an open covering 
of M and (pj : Uj — > <Pj{Uj) is a homeomorphism, (f)j{Uj) is open in X, 
(f)i o : (f)j{Uj n Ui) 4'i{Uj n Ui) is a diffeomorphism of class for each 
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Uj n f/; 7^ 0, the space C"'{U, Y) of functions from an open subset U C X 
into a Banach space Y over K is defined in terms of difference quotients (see 

mm)- 

Since the derivative {4>iO(f)j ^y{x) is a hnear continuous operator on (j)j{Ujr\ 
Ui) X X of class for each n > 1 and there exists a derivative of an inverse 
operator (0jo0~^)'(?/) on (j)i{Ujr\Ui)xX, then {(j)iO(j)j^y[x) e GL{X) for each 
X e 4>j{Uj n Ui), where GL{X) is the group of invertable K-hnear bounded 
operators of X onto X. Therefore, for each n > 1 there exists a functor T 
such that T(0/ o := {(pij^x), for each x G (0/ o (j)'J^){Uj fl f/^), 

T{(t>j{Uj)) := 0j(f/j) X X, where 0zj ':= (0, o 0t1). For n > 1 put TM = 
UjgA„Tf/j with the atlas At{TM) := {([/,■ x X,T0j) : j G Am} such that 
T(j)j : T[/j — > 4>j{Uj) X X is a homeomorphism, T(j)j\[x}xx ='■ T^ipj is a 
bounded continuous operator on X by the second argument for each x & Uj. 
Thus TM = [j^^j^jTxM, where T^^j : T^Uj — > T^-(^x)(pj{Uj) is a K-linear 
isomorphism for each j G Tj\/, where T^.(^x)(pj{Uj) = {4>j{x)} x X. TM is 
called the total tangent space of M, T^M is called the tangent space of M at 
X. The projection r := tm : TM M is given by tm(s) = x for each vector 
s G TjM, Tm is called the tangent bundle. 

3.1.1 If M and X are two C'-manifolds on Banach spaces X and S over 
K with / > n, where At{N) := {{Vj,tpj) : j G Atv} and / : M X is a 
continuous mapping, then by the definition / G C"'{M, X), if tpi o f o (pj^ G 
C''{Wij,Y) for each Wij := 0j(/"^(V^) n t/j) ^ 0. A norm in C"(X,5) 
induces a complete uniformity in C^{M,N). If n > 1 and / G C"'{M,N), 
then there exists T/ : TM TN and T/ G C'^TM, TN). 

3.1.2. Let H and X be two Banach spaces over a non- Archimedean field 
K. Let M be a C'-manifold on X and let P be a manifold with a mapping 
TT : P — >■ M such that vr is surjective and 7r~^(x) =: Pj; =: is a Banach 
space over K isomorphic to H for each x G M, vr is called a projection, 
7i~^{x) is called a fibre of vr over x. Suppose that P is supplied with an 
atlas At{P) = {{Uj, (pj, P(f)j) : j G Am} consistent with At{M) such that 
pri o P(f)j = (f)j o ttIpu. on 7r~^(t/j) for each j, where pri : Uj x H ^ Uj 
and : Uj x H ^ H are projections, P0j is bijective, Pr^j = Pcpjln^ : 
Hx — > {0i(2;)} X if is a Banach space isomorphism, Pcpi o (P0j|p((7;nc/j))~^ ^ 
0j(?7j n f/i) X P" ^ (j)i{Uj n f//) X P is a C^-diffeomorphism, / > n. Two 
atlases are called equivalent, if their union is an atlas. (P, M, vr) is called a 
vector bundle over M with fibre on H . P is called the total space of vr and 
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M the base space of vr. 

Let (Pi,Mi,7ri) and {P2, M2,tt2) be two vector bundles with spaces Hi 
and H2 for the fibres of tti and tt2 respectively. Suppose there are two C"- 
mappings F : Mi M2 and PF : Pi P2 such that tt2 o PF = F ott on Pi 
and the restriction P^F := PF\hi^ '■ — ^ -f^2,F(x) is a K-linear mapping. 
Then (F, PF) is called a morphism from (Pi, Mi, tti) to (P2, M2, ^2). 

3.1.3. A C'"- vector field on M is a C""-mapping ^ : M ^ TM such that 
Tm o"^ = id. li F : M ^ N is a C""-morphism and : M ^ TN is such 
that tn o = F, then is called a vector field along P. 

Suppose that K is spherically complete, then a topologically adjoint space 
H* of K-linear functionals on a Banach space H over K separates points of 
H, H* 7^ (see Lemma 4.3.5 [^). The bundle of r-fold contravariant 
and s-fold covariant tensors over M is defined by L(r*, r*, r, r; p) : 
L(r*M, ...,T*M,TM, ...,TM; KM) ^ M or shortly rj : TJM ^ M, where 
T* and T*M are repeated r times, r and TM are repeated s times, p : 
KM = M X K M is the trivial bundle over M. Here L(ai, /3) : 

L(74i, A^; P) ^ M denotes a vector bundle over M, where (74j,M, aj) 
and (P,M, /3) are vector bundles, ^^^(a;) = Hk^x, k = l,...,r, Pjj^ix) = Y^, 
L{Ai, Ar] B) := UxgAf L{Hi^x, Pr,x; ^x), Pfc,x and are isomorphic to 
Banach spaces Hk and F respectively over K. For each chart {Uj, (pj) of M the 
bundle chart (Uj, L{Ai, A^, B)(l)j) is givenhj L{Ai(j)j{x), Ar(pj{x); B(j)j{x)) : 
L{Hi^^, P^^^; Yj.) ^ L(Pi, Hr] Y) such that for G T(Pi,x, Pr,^; >^x) 
its image is L{Ai(j)j{x), B(j)j{x))'^x = B(j)j{x) o vE'^, o (Ai0j(x)~^ x ... x 
Ar(j)j{x)~^), Ak4>j{x)~^ : — 5> Pfc is the K-linear isomorphism of Ba- 
nach spaces, L{Hi, ...,Hr;Y) is the Banach space of all continuous mappings 
f : Hi X ... X Hr Y such that / is K-linear by each variable Zk G Hk, 
k = 1, ...,r. 

If : M ^ kTM is a C""-mapping such that /t o \[' = id, then is 
called a tensor field (of type n), where {kTM,M,k{t)) is a tensor bundle 
over M. If (P, A^, vr) is a vector bundle and P : M — > is a morphism, then 
a morphism 6' : M — > P with tt o ^ = P is called a section along P. 

3.1.4. Let M be a C"-manifold on a Banach space X over a spherically 
complete non- Archimedean field K and i3„M denotes the set of all C"- vector 
fields on M, where n > 2. Let L = jT : (f)j{Uj) 3 yj ^ T{yj) e L{X,X;X) 
be a C"~^-mapping such that 

i^) 0;,^.. ,r(i/,) = 0^/ + iriyi)oi<t>[,y<<l>'i,) 
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for each two charts with Uj (1 Ui 7^ 0. This { jT} is called the family of 
Christoffel symbols jT on M. 

A covariant derivation i3„_iM^ 3 (\E', $) 1-^ G Bn-2M is given by 

where "^{yj) and are principal parts of and $ on ([/j, (pj). If M with 

y4t(M) is supplied with F, then M possesses a covariant derivation. 

3.1.5. For a C""- vector bundle (P, M, tt) on X x if with > 2 define a 
K- (linear) connection as a bundle morphism K : TP — > P such that no K = 
TioTp. This mapping i^' in its local representation jK = P(l)joK oTPcpJ^ for 
bundle charts {Uj, (f)j, P(j)j) of (P, M, vr) and {TUj, T(j)j, TP(j)j) of (TP, P, rp) 
is given by {Uj,E}x{XxH) 3 (x, ^, $, 2;) (a;, z+ jF(x)($, ^f)) G {xjxiJ. 
The Christoffel symbol jT{x) : t/j — ^ L{X, H; H) is of class of smoothness 
C""^. For it the horizontal space T^h is defined as the kernel of K\t^p : 
T^P^H,,q = 7T{^). 

For a section \Ef : M ^ P in (P, M, vr) define the covariant derivation of 
in the direction $ G T^-M by 

{€) V<i.^(x) = /CoT,.^.^. 

3.2. Let X be either a finite dimensional over a local field K space or of 
countable type such that a sequence of subspaces S'„ be given with Sn C Sn+i 
and Sn 7^ S^+i for each n G N, c/(Un 5'n) = X, a dimension dimj^Sn ='■ m{n) 
of over K is finite. Let [/ be a clopen bounded subset in Sn- Consider 
an antiderivation operator P(/, s) on the Banach space C((t, s — 1), f/ ^ K) 
of functions / : f/ ^ K with definite partial difference quotients having 
continuous extensions (see §1.2 [^) and denote P{l,s) on U by Pu{l,s), 
where t G [0, 00), 1 < s G Z, / = [t] + 1, [t] is an integer part of t. In 
particular, C{(t,0),U — > K) is denoted here by C^{U, K). 

3.3. Definition and Note. Let now U he a clopen bounded subset in X 
with dimj^X = 00. For each / G Co{(t, s—1), f/ — » K) there exists a sequence 
of cylindrical functions such that f = J2n fn and lim„ ||/„||c((i,s-i),i/„^K) = 
0, where fn is a cylindrical function on U such that fn{,x) = fn{T^nx), fn is a 
function on Un := S^Hf/, tt^ : X — >• Sn is a projection on Sn- For each t < 00 
there exists ?7 of sufficiently small diameter 6 such that ||P{/^(/, s)|| < 1 for 
each n, since it is sufficient to take ^'■''''""/Kj + w)!| < 1 for each j with = 
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0, l-l, j = f + s'u, s' e {0, 1, s - 1} (see Definition 1.2.11 ^). For 
U of diam{U) satisfying such condition define Pu{l,s)f := J2nfu„{i,s)fn- 

For U as above is defined the space pCo{(t, s),U ^ Y) := Pu{l, s)Co{(t, s— 
1),U Y), where F is a Banach space over K. 

3.4. Lemma. An image Pu{t, s){C{{t, s — 1),U — > Y)) denoted by 
pC{{t, s),U Y) is contained in C{{t,s),U Y) and does not coincide 
with the latter space. The space pC{{t,s),U — * Y) can be supplied with a 
norm denoted by \\ * \\u,{t,s),p relative to which it is complete and Pu{l,s) : 
{cat, s-l),U-^Y),\\* \\cat,s-i),u^Y)) ^ ( pCiit, s),U-^Y),\\* \\u,it,s),p) 
is continuous. 

Proof. Consider at first dimj^X < oo. If / G pC{(t, s),U Y), then 
a^(P(t,s)/)(x) = f{x) for each x E U (see Corollary 1.2.16 On the 

other hand, there are g G C{{t,s),U Y) for which d^^g{x) = in the 
notation of Definitions 2.4.1 and 2.11 for example, locally constant g. 

Let now X may be infinite dimensional, then from taking the limit of /„ 
this statement follows in the general case. Consider an image Pj/(/, s) {B{C{{t, s— 
1),U >"),0,1))) =: V of the closed ball in C{{t,s),U Y) containing 
and with the unit radius. Let / G pC{(t, s),U — > Y), then there exists 
g G C{(t,s — l),f/ Y) such that Pu{l,s)g = f. On the other hand, 
||5'||c((t,s-i),(7^y) < and there exists a constant 7^ c G K such that 
eg G B{cl{t,s -1),U ^ Y),0,l)). Therefore, of G V, since P[/(/,s) is 
the K-linear operator, that is, V is the absorbing subset. Since the ball 
B{C{(t,s — 1),U — > y),0,l) is K-convex, then V is K-convex. Evidently, 
OeV. 

Consider a weak topology on C{(t,s),U Y), then it induces a weak 
topology on its K-linear subspace pC{{t, s),U Y). In particular, each 
evaluation functional hx{f) '■= f{x) is K-linear and continuous on the latter 



space, where x E U. In view of Theorem 1.2.15 [^] Pu{l, s) is continuous from 
C((t, s-l),U ^Y) ^ C{{t, s), U ^Y). Therefore, V is bounded relative 
to the weak topology, since U is compact and V is bounded relative to a 
weaker topology generated by evaluation functionals. Let 77 be a Minkowski 
functional on pC{(t, s),U Y) generated by V. It generates a norm in 
pC{it, s),U ^ Y) relative to which it is complete. Since V is the unit ball 
relative to this norm and Pu{l, s)^^{V) is the unit ball in C{(t, s — l),U^Y), 
then Pu{l, s) is continuous relative to this topology. 

3.5. Note. In view of Lemma 3.4 Definitions 3.1.1-3.1.5 can be spread on 
Co((t, s)) and pCo((t, s))-manifolds, that is, {(pij—id) E Co((t, s), Wij — > X) 
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and {(pi J — id) G pCo((t, s), Wij X) respectively for each charts Ui and Uj 
with UinUj 7^ 0, where (pj{Uj) are bounded clopen subsets in X of sufficiently 
small diameter as in §3.3 if X is infinite dimensional over K. 

3.6. Note. Consider the space of functions jF((,j)M = Co ((t, s), M K), 
then 

Vs{aV + bW) = aVsV + bVsW, VsifV) = S{f)V + fVsV, where S, 
V,We B(^t,s)M, B(t^s)M denotes the set of all Co((t, s))-vector fields on M. 
Considering the foliation of M and taking the limit we get for a given chart 

where e,) are basic vector fields on (f)j{Uj), S{(j)j) = J2i S\4>j)ei, r(0j) = 
J2i,i,k^i,i{(t^j)^^ ® Cfc, e*(ej) = 5* for each i and j G a. Therefore, there 
exists a torsion tensor 

T{S, V) = VsV — VyS — [S, V] and a curvature tensor 

V)W = VsVvW - VvVsW - V[s,v]W 
for each S, V emdW e B^t,s)M such that T{S, V) = -T{V, S), R{S, V)W = 
-R{V,S)Wand 

n<P,){S,V) = T{<P,){S,V)-T{<P,)iV,S) G LiX,X;X), 
R{(j)j){S, V)W = DT{cP^).S{V, W) - DT{<t>^).V{S, W) 

+T{ct>,){S,T{(l>j){V,W))-T{ct>j){V,T{ct>,){S,W)) G L(X,X,X;X) analogously 
to Lemma 1.5.3 

3.7. Theorem. Let M he a pCo{{t, s))-'manifold with s > 2, then 
there exists a clopen neighbourhood TM of M in TM and an exponential 
Co((t, s))-mapping exp : TM M ofTM on M. 

Proof. Let M be embedded into TM as the zero section of the bundle 
tm- Consider the no n- Archimedean geodesic equation VcC = with initial 
conditions c(0) = xq, c(0) = yo, xq G M, yo G T^^M, where c{b) is a 
pCo((t, s))-curve on M, c : -B(K, 0, 1) — > M. For a chart {Uj, (f>j) containing 
a point a; of M let (pj o c(6) := ipj^b), thus 

« ^/'(6)+r(V^,(6))(i.(6),V',(6))=0. 

Since ipj ^ pCo{{t,s)), then there exists / G C{(t,s — 2),B — > X) such 
that ipj = Pb{1, s)Pb{1, s — 1)/, where B := _B(K,0,1). Therefore, ipj = 
Pb{1, s — l)f and ipj" = f, consequently, / satisfies the equation 

(u) f{b)+TiP'f\,){P'f\,,P'f\,) = 0, 
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where := Pb(/, s)Pb{1, s — 1) and := Pb{^, s — 1). Consider a marked 
point 60 G -B. At first there exists r > such that Equation (ii) and hence 
(i) has a unique solution in B(K,bo,r). For this consider the iterational 
equation: 

(m) fm+l{b)+nP^fm\b){P'fm\b,P'fm\b)^0, 

where fm is a sequence of functions. From F e pCo((t,s — 2)), since M 
is the pCo((t, s))-manifold, it follows, that fm+i ^ pC((^, s — 2)) for each 
pC{{t,s-2)). Then U+,{t) - U{t) = -T{P'Ut){P'U\t,P'fm\t) + 

r(-P^/m|t)(-P^/m-l|t, P^fm-l\t)— ^{P^ fm\t){P^ fm-l\t, P^ fm-l\t) 

+r{P^fm-i\t){P^fm-i\t,P^fm-i\t)- In view of the ultrametric inequality, 
bilinearity of r[x){a, b) by a, h and continuity by and continuity of P^ and 
for each xq & M and each e P(K, 0, 1) there exists r > and e > 
such that 

{iv) \\fm+i - /mil < C'e^||r||||/m " /m-i|| for each t G 5(K,to,r) and each 
llyoll < e, where C > is a constant related with P^ and P^. There exists 
< r < 00 such that \\P^\\ < 1 and ||p2|| < 1 and PV e Gj,fc C Uj for 
each / G Gj^k, since t and s are finite (see above), where Gj^k is a clopen 
subset in Uj, ||F|| is a norm of F on Gj^k x X'^ as a bilinear operator on X 
for each x G In view of continuity of F and boundedness of <pj{Uj) for 
each j it is possible to choose a locally finite covering Gj^k subordinated to 
Uj such that ||F|| is finite on Gj^k, k E N. Therefore, choosing Ce^||F|| < 1 
we get a convergent sequence on B(K.,tQ,r) x Gj^k x -8(^,0,(5) and due to 
the fixed point theorem there exists a unique solution in B{K..tQ,r). In 
view of compactness of P(K, 0, 1) there exists a solution on it. Let / and 
g be two functions providing solutions t/jf — P'^f and -0^ — P^9 of the 
problem on P(K, 0, 1), then P^f{ti) = P^g{ti), P^f{ti) = P^g{ti) for a finite 
number of points to = 0, ti, tk G P(K, 0, 1) such that on each P(K, tj, Vj) 
a solution is unique for a given initial conditions, < r j < 1 for each j and 
[Jj P(K, tj,rj) = P(K, 0, 1). This imply that 

(^;) F(PVk)(PV|t,i'7|t)-r(P^(/+Ci,z)k)(^H/+C2,0lt,i^'(/+C2,0lt) = ci,. 
for each / and each t G P(K, ti, ri). On the other hand, P^c and P^c arc not 

locally constant for a constant c 7^ 0, F(0j)(a, 6) is bilinear by (a, 6) G 
and satisfies Equation 3.1.4.(i), hence Equation (v) may be satisfied only for 
Ci,i = C2,i = for each consequently, a solution is unique. 

Since / G pCo{{t,s — 2)), then t/jj G pCo((t,s)) for each j. More- 
over, Cas{t) — cs{at) for each a G S(K,0, 1) such that |a5'(0j(Q'))| < e. 
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since dcs{at)/dt = a{dcs{z) /dz)\z=at- In view of continuity of and 
and r operators, for each xq E M there exists a chart {Uj,(j)j) and clopen 
neighbourhoods Vi and V2, 4>j{^o) G Vi C V2 C 4>j{Uj) and 5 > such 
that from S G TM with tmS = g G and \S{(f)j{q))\ < 6 it follows, 

that the geodesic cs with cs{0) = S* is defined for each t e B(K, 0, 1) and 
Cs{t) E 07^(^2). Due to paracompactness of TM and M this covering can 
be chosen locally finite 

This means that there exists a clopen neighbourhood TM of M in TM 
such that a geodesic C5(t) is defined for each S G TM and each t G -B(K, 0, 1). 
Therefore, define the exponential mapping exp : TM ^ M hj S ^ ^5(1), 
denote by exp^ := exp \ fMnTa:A4 ^ restriction to a fibre. Then exp has a local 
representation (xo,?/o) G Vi x B{X,0,6) 1-^ ipj^l; Xo,yo) G V2 C (f)j{Uj). From 
Equations it follows that exp is of Co((t, s))-class of smoothness from 

TM onto M. 

3.8. Corollary. If M is a pCo{{t,s)) fl C°°-mamfold with s >2, then 
exp G C^{fM,M). 

3.9. Note. If M is an analytic manifold, then exp : TM — > M is a locally 
analytic mapping. Theorem 3.7 gives an exponential manifold mapping for 
wider class of manifolds, than treated by the rigid geometry. 

3.10. Note and Definitions. Let M be a C°°-manifold and let tm '■ 
TM — M be the tangent bundle, 9 : M x H ^ M he a. trivial bundle over 
M with a Banach space fibre H over K. There exists the bundle Li^r{d, tm) 
over M with the fibre Li^r{H,X), where r > 1 and spaces Ln,r{H, X) were 
defined in [27] and §2 in (but with the notation there). 

Let M be a C°°-manifold with functions (pi^ satisfying Conditions 1.4.8. (i) 



2^. Suppose that w is a stochastic process with values in H and ^ is a 
stochastic process with values in X such that X{u : w(t,uj) G C° \ C^} = 0, 
where H and X are Banach spaces over a local field K. 
Let a G F, A; C^Br, Li{n, F, A; C^Br, X)))) and 

E G L^{n, F, A; C%Bn, L{L'^{n, F, A; C%Br, H), F, A; C%Bn, X))))), 

(i) u) = ^o(c^) + (Pua) (u, |n=t + iPw{u,iv)E) (n, lu, U=t, 
where 1 < r,s,q < 00, 1/r+l/s = 1/q, w G L'{Q,f,X;Cl^{BR,H)), ^ G 
L'^{fl, F, A; C°(i?R, X)). Since H and X are isomorphic with co(ai^,K) and 
Co (ax, K), then L^^ri^, H) has the embedding into Ln^r{H, H) for ax C 
and Ln^r{H,H) has an embedding into L„ ,,(X, X) for an C ax- Inclusions 
Range{E) C X, Range{w) C and Range{C,) C X reduce this case to 
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Theorem II. 3. 4 PHI. In view of Lemma 1.2.3 and Formula 1. 4.8. (ii) IE8 



{ii) d(f){^(t,u)) = J{(f),a, E)adt + J{(j),a, E)Edw, where, 



m=0 /=0 



For stochastic processes of type II. 3. 5 it is necessary to consider the 
following generalization of Theorem 1.4.8 [p8| . 

3.11. Note. Consider a G F,A;C0(5K,L'?(fi, F,A;C0(5r,X)))) 
and E e F, A; C%Bn, L(L'?(fi, F, A; C%Bn, H), F, A; C%Br, X))))), 
a = a{t, uj,^),E = E{t, u,^), t e Br, u e Q, ^ E Li{n, F, A; C^Br, X)) and 
^0 e L''{n,F,X;X), w G L°°{n,F,\;C^{BR,H)), 1 < g < oo, where a and 

E satisfy the local Lipschitz condition (see 11.3.4. (LLC) |^). Suppose is a 
stochastic process of the type 

such that am-i,i e C%Br, x 5(L''(fi, F, A; ^0(5^, X)), 0, i?2), L„(X®'"; X)) 
(continuous and bounded on its domain) for each n,l, < R2 < oo and 

(u) lini„^ooSUPo<;<„ ||a„_/^/||c'0(B^^x_B(L'J(n,F,A;C0(B_R.^)),0,R2),in(X®",X)) = 

for each < Ri < R when < i? < oo, or each < Ri < R when i? = oo, 
for each < i?2 < oo. 

Moreover, suppose that a function / satisfies the conditions: 

(m) f{u,x) eC^iT X H,X) 

and 

(it>) lim max II ($" f )(t, x: /ii , 

Cl; Cn)||cO(Tx_B(K,0,r)'xB(/i',0,l)"^'x_B(K,0,Ri)"-',X) = 

for each < -Ri < oo, where hj = ei and Q G i?(K,0,r) for variables 
corresponding to t G T = B{K,to,r) and hj G 5(i7,0, 1), Cj e 5(K,0,i?i) 
for variables corresponding to x E H. 

Analogously a, E, ai m for ^ with values in M are considered substituting 
C\Br,H) on CO(S^,M). 

3.12. Theorem. // Conditions 3.11.(u) are satisfied, then {i) has the 
unique solution in Br. If in addition Conditions 3.11. {Hi, iv) are satisfied, 
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then 




m+6>l,0<mGZ,0<fe6Z 

where li + ... + Im = m + h — I, rii + ... + rim = h, ^m, 
nonnegative integers. 



Proof. The first part of the theorem follows from JJ.3.5 ||28| and embed- 
dings of §3.10. Since an o CTmit) = an o am+jit) for each n > m, j > and 
c"o(^) = ^0, then from Formula 1.2.1.(4) it follows, that 

where other arguments are omitted for shortening the notation. Therefore, 



the second part of this theorem follows from Formulas I.A.8.{iii) [28| and 
3.11.(i). 

3.13. Note. Let Conditions 3.11. (z — iv) be satisfied and </> = / be 



independent from t. Then due to Lemma 1.2.3 ||28[ and Theorem 3.12 above 
Formula 3.10.(m) is valid with new operator J: 

oo 

m=0 li,...,lm 

where h + ... + Im = I, ni + ... + = m — I. 

3.14. Definition. Let (n, M, vr) be a bundle on a manifold M with 
fibres X © X) for each x G M and with transition functions J(0, a, E) : 
{a,E) I— > {J{(f),a, E)a, J{(l),a, E)E), where = (^^y for each pair of charts 
{Uj,(j)j) and {Ui,^i) with n Ui ^ ij), a e X, E e L{H,X), J{(j),a,E) is 
given either by Equation 3.10. {iii) or by 3.13.(i). 

3.15. Definition and Note. Let t G T C K, where K is a local field, 
T is clopen in K. Let also {Uj, (pj) be a chart of a manifold M on a Banach 
space X over K, x G t/,- C M, (a, £") G 7r"^(a;) (see §3.14). By Q^{a,E) 
is denoted a collection of M-valued stochastic processes ^ such that ^ G t/,- 
with probability 1, where (f)j o ^ is a solution of Equation either 3.10.(i) or 
3.11.(2) for each j. Then Qx{a,E) is called the germ of the diffusion process 
at the point x defined by a pair (a, E). It is in addition with a given family 
of sections ai^m of bundles (11/+^, M, vr^+m) with fibres Lm+;(X®'""'"'; X) such 
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that ai^m,x £ '^i+mi^) ^^e case 3.11. Therefore, 3.10 is the particular case 
of 3.11! 

A section U of the vector bundle (11, M, vr) is the non- Archimedean analog 
of Ito's field over M. 

3.16. Theorem. Let and ip be two functions satisfying conditions 
either of %3.10 or %3.11 such that Dom^cj)) D Range{ip). Then 

(i) ■Ji>{x){(p, a, E) o J^(7/), a, E) = J^{(f)o tp, a, E), 

(ii) Jx{id, a, E) = id. 

Proof. Since ai,m,x G Li+„(X«'+™; X), then J,(0, a, E)az,^,, o (a®' ® 
E^"") = ai^rn,x o ((Jx(0,a,^)a)®' ® ( J^(0, a, for each < /,m G Z 

and X G M, where a = a^, E = Ex, {ax, Ex) G 'k~^{x). Each derivative 
0'-'") and t/;*^™) is a m-polylinear operator on X. Therefore, (0 o ■0)(™)(a;) = 
Ezi+...+i6>m,i<b<m -Rb o {Qh ® ••• ® <5iJ, where and Qi are the 6-linear and 
/-linear operators corresponding up to constant multipliers to 4>^^\z)\z=^[x) 
and ^^'\x). Then Y.kQi,{^kii, ^kii,) = P .,,,^..2^/, K'^^ ® ^^'-^) for 
nonegative Ij^i and lj^2 with Zjj + /j_2 = Ij and c<j) = P„a|„=i for z = 
1, /j- 1, ^i(t, cj) = A«-EU=t for i = /j- 1 + 1, Ij. Moreover, 

for nonegative Ij^i and /j_2 + lj,2 = h ~ ^ and ^i{t,uj) = Pua\u=t for « = 
1, = PwE\u=tioTi = /j,i+l, ...,/j-l, ^z^. = V, where either t; = a 

or V = E. Therefore, : Qx{ci, E) ^<^(x)(<^a, JE), where J = J(0, a, £"). In 
view of Theorems J. 4. 8 ||2^ and 3.12, Formulas 3.10.(iu) and 3.13.(i) there 
is satisfied the equality 

(m) J,(0,a,^) = 0'(a, 
where is a stochastic process being the solution either of Equation 3.10.(i) 
or3.11.(i),x G M, ^° G T,M. On the other hand, (0(V^)(a;))' = 0'(?/^(a;)).'0'(x) 
for each x G Dom{ilj). Therefore, from C, G Dom{ilj) and Range{tp) C 
Dom{(j)), Formula 3.16.(z) follows. From irf' = /, where / is a unit operator. 
Formula 3.16. (ii) follows. 

3.17. Remark and Definition. Apart from the classical case here the 
bundle associated with the operator J(0, a, E) in general is not quadratic. It 
may be polynomial only in a particular case given by theorem J. 4. 6 . 

Let / = exp, where exp := exp^ is the exponential mapping for M. Con- 
sider Q{x,o) (a, E) a stochastic processes germ at a point y = in the tangent 
space TxM. Then exp* ^(j, o) (a, i?) = ^a;( J(exp^., a, i?))(a, i?) is a stochastic 
processes germ at x G M. Therefore, 0j o explQ(^x,o){cij E) = Qij,(x){,J{,4'j ° 
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exp^, a, E)){a, E) for each chart (f/j, (pj) of M. The germ exp* ^(1,0) (a, E) is 
called a stochastic differential bundle. 

3.18. Corollciry. To a functor J there corresponds a bundle {J^ , M, ttj) 
and a fibre :— TrJ^{x) may be identified with the space Qx{J^) of stochas- 
tic processes germ. To a morphism f : M ^ N of manifolds there corre- 
sponds a bundle morphism Q{f ) = f * /*, where f*^ := f{^). 

Proof. If / : M — > iV is a manifold morphism, then U is trans- 
formed as ^ where = J{f,a,E)a. and = 

J{f,a,E)Ex, a{mj(x)i't^ f*0 = a«,m,x(*,0 each x e M. The stochastic 
process ^° satisfies the antiderivational equation 

l,m 

and its differential has the form: 

l,m 

Hence 

(m) fiCit,^^)) = E^«',--«W(x)(^>/(C°(^i,^)))o(«/(a:)^'®^/W^")U=*- 
Therefore, /* : expf ^ expj;*)(/*(i^O), where 

l,m 

l,m 

for /-related mappings cxp^^ and exp-^. 

3.19. Theorem. Let cxp : TM —>■ M be the exponential mapping of 
a manifold M. Then J(exp, a, E) : J^^ — > is a bundle morphism. If 
{U, (f)) is a chart of M, then 

(0 Aewtix), 4, Et){at, Et) = {Sat, SE^), 
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where S := {d[(f) o exp^o[(f)'[x)]'^^][z)/dz)\z=^Q■ 
Proo^. The first statement of the theorem foUows from Theorem 3.16 
and Corollary 3.18. Consider the mapping F{z) :— [0oexp^ o[(j)' (x)]~^]{z) for 
a chart {TUj, Tcpj) of TM, where = (pj. The mapping F is the local repre- 
sentation of exp in terms of coordinate mappings. Hence J(exp^j^^j, , E!^) = 
[dF{z)/dz]\z=^o, where {° is a solution of Equation either 3.10(i) or 3.11. (i) 
in TxM. In particular, F'{Q) = id and F" {0).{v,v) = —r{x){v,v), but in 
general may be nonzero. 

3.20. Definition. Let W be a section of the bundle (11, M, tt). Consider 
the differential 

(i) di{t, uj) = exp^(j g{a^(t,u;), E^{t,u;)) 
and the corresponding antiderivational equation: 

{tt) ^{t,uj) = exp^(,_^){^ i\,,+.,^^a,,+i,„,^(4,^)(«,e(«,a;)))o(/®*®ag_^)®E|^^^ 

l,b,m 

Suppose that there exists a neighbourhood Vx 3 x and a stochastic process 
belonging to the germ cxp^(^(aa;, £"2:)) = gx{J{eWx,cix, Ex)){ax, Ej_) such 
that Ps,xW ■ ix{t,uj) eVx,t^s} = 1, where P,,,(Vr) := P{W : ^{s,uj) = x), 
W E F. If this is satisfied for z/g(5)-a.e. x G M, then it is said, that ^(t,ci;) 
possesses a stochastic differential governed by the field U, where i^^{s){*) '■ = 
P o *). An M- valued ^ satisfying (ii) is called an integral process of 

the field 

3.21. Definition. An atlas At{M) = {{Uj,(/)j) : j} of a manifold M on 
a Banach space X over K is called uniform, if its charts satisfy the following 
conditions: 

(Ul) for each x E M there exist neighbourhoods C/J C C/^ C Uj such that 
for each y E there is the inclusion C Uy-, 

(f/2) the image 4>j{U^) C X contains a ball of the fixed positive radius 

0,(t/,2) 3 B{X,0,r) :={y:yeX, \\y\\ < r}; 

(f/3) for each pair of intersecting charts {Ui, 0i) and {U2, ^2) transition map- 
pings (pij = (pi o (JyJ^ are such that sup^. < C and sup^, ||0ij(a;)|| < C, 
where C — const > does not depend on (pi and (f)j. 

3.22. Remark. Consider a measurable space {M,£), where £ is a o"- 
algebra on Af , define a random mapping S{t, t;uj):M^M for each t,T eT 
by a; H- >• S{t, r; u; x) = S{t, r; cu) o x. Suppose that 
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(1) the mapping xxoj ^ S(t, r; u; x) is Cx F-measurable for each t,T & T; 

(2) the random variable S(t, r; uj; x) is F-measurable and does not depend 
on F for each t, r, x, moreover, all others conditions of §11.3.9 |^ let also be 
satisfied (with the notation S(t, r; u) here instead of T(t, s; u) there). 

3.23. Proposition. Let ^ he a stochastic process given by Equation 
3.11.(i) and let also max(||a(t, oj , x) — a{v , u , x)\\, \\E{t,uj,x) — E{v, uj,x)\\) < 
\t — v\{Ci + C2||a;||^) for each t and v G B(K,to, R) X-almost everywhere by 
UJ & Q, where b, Ci and C2 are non-negative constants. Then ^ with the 
probability 1 has a -modification and q{t) < max{M||^o||'^7 1^ — ^o|(Ci + 
C2q{t))} for each t G B(K,to,R), where q{t) := sup|„_to|<|i-io| ^ll^K'^)!!' 
and N 9 s > 6 > 0. Moreover, if \{u : w{t,Lu) G C° \ C^} = 0, then for 
\-a.e. UJ there exists ^' and X{uj : ^{t,uj) G C° \ C^} = 0. 

Proof. In view of Theorem 3.12 applied to f{t,x) = x'^ we have 



fit, uj)) = /(to, eo) + E E iPu^~'Mu,u.y [( U ) ^)'"'("' ^))° 



where li + ... + lk = k — l, ni-\- ...-\-nk = I. From Conditions of §3.11 and in par- 
ticular 3.11. (m) it follows, that M\\^{t,uj)\\' < max(M||^o||', \t-to\d{P^){Ci + 
C2sup|„_t^l<|i_ij,l M||^(m,u;)|H, since \tj - to\ < \t - tol for each j G N and 

Mmt,u)-av,uj)r<\t-v\{l+C,+C2d{P:)snp\^^,^^^^^^^^^ 
since \tj — Vj\ < \t — v\ -\- for each j G N, where < p < 1, 

d{Pt) := sup max \\{k\)~^ P^k-i^^i{d^ f / d''x)o{ai^^^^®...mi^,nk) 

(a^O,E^O,fj^O,ai.„^^0,j=l,...,k)^>^>^>0 



\ai 



hence d{P^) < 1, since / G as a function by x and {^'^g){x] hi, kg] 0, 0) 
Dlg{x).{hi, hs)/s\ for each g E and due to the definition of ||5'||c"'. Con- 
sidering in particular polyhomogeneous g on which d{P^) takes its maximum 
value we get d{P^) = 1. From conditions on w, ai^k, cl and E it follows, that 
C,{t,uj) with the probability 1 has a C'^-modification (see Theorem 1 1. 3.5 
[il),eeL'?(^],F,A;CO(i?^,i/)). 



The last statement of this proposition follows from Lemma 1.2.3 [28 . 
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3.24. Theorem. Suppose that M is a manifold either satisfying condi- 
tions of Corollary 3.8 or is analytic, At{M) is uniform (see %3.21). Let a, 
E, am,i and w corresponding to a section U satisfy conditions of ^3.11 with 
X{uj : w{t,uj) G C° \ C^} = 0. Then there exists a unique up to stochas- 
tic equivalence random evolution family S{t,T;uj) for a solution C,{t,uj) of 
Equation 3.20. [ii). 

Proof. Consider a solution of the non- Archimedean stochastic equation: 

[i) ^{t, u) = exp^^t,cu){ Pu^+\u,iam+bUMi'^^ ^(^' 

m,b,l 

corresponding to 3.20.(2). On each chart of the uniform atlas At{M) of M 
fields {am,i '■ m, /}, a, E and w are A-a.e. bounded due to conditons of §3.11. 
For each two charts {Uj, 0j) and (Ui, (pi) with l/jHUi 7^ a transition mapping 
(j) := (pjj is bounded together with its derivatives, hence F is bounded on 
each Uj, since the covering {Uj : j} of M can be chosen locally finite due to 
paracompactness of M 0. 



In view of Theorem II. 3.5 |£8|, Corollary 3.18 and Theorem 3.19 Equation 
(z) has a unique solution on M. Let (a, E) be a section of the bundle (11, M, tt) 
and ai^rn be sections of the bundles {Hi^rn, M,TTi^m) (see §§3.14 and 3.15). 
Consider a family Cy{^) of functions on M of the class C^(M, K) such that 
Cy{x) = if X ^ Uy, Cy{x) = 1 if X E Uy of the uniform atlas (see §3.21), 
then := (y{x)ax, E^ := Q{x)E^, af„j ,^ := Cy{^)(^i,m are local fields. Then 
there exists the local evolution family Sy{t, r; u) for each local solution (that 
is, with local coefficients): 

(ii) ^\t,u) = exp^,(i^^){^ P„™+^«;^a!^4-6,^,?nM(^'^("'^))° 

m,b,l 

due to Theorem II. 3.5 and Theorem 3.12 above. Therefore, Sy{t, r; u) o 
X E Uy for each x E Uy. Glueing together local solutions with the help of 
transition functions (pij of charts with nonvoid intersections Ui fl Uj leads 
to the conclusion that a stochastic process is a solution of the stochastic 
antiderivational equation (i) on M if and only if for each t E T for t'^(f)-a.e. 
X G M it coincides Pt^^^-a.e. with some local solution of this equation inside 
U^, since {f/J : x G M} is a covering of M. 



u=t\ 



33 



Consider a local representation ^'^ := (/){^), then there exists the corre- 
sponding S*"^ generated by d^"^ such that S^{t, r; a;) o ^"^(r, u) = (piSit, r; u) o 
^(r, a;)) for each t and r e T C K, e {0^ : j}. 

In view of Proposition 3.23 there exists 6 > such that P{uj : Sx(t, r; a;) o 
X ^ Ul} < P{sup \\(j){S^{t,T;uj)ox)\\ > 1} < C|t - r| for each t,r G T such 
that |t — t| < (5, where C > is a constant. Consider a family T of all finite 
partitions g of T into disjoint unions of balls i?(K,t^,r^), where t\ e T, 
< < eg, < eg < 5 for each e T. Let g < v if and only \l q <Z v, 
then T is ordered by this relation. Consider a linearly ordered subsequence 
To := {qk '■ k G N} in T with linifc^oo supjrj'' : j G qt} = and for it define 
^k{t,uj) := S^^_^(ti,Lu){t,ti;uj) o ^f,-i{ti,ui) for each k and t G B{K,t'^,rf) for 
each ti G gfe_i and each k > 1, where v = qk-i, i{to,Lj) = x, ^i{ti,u) : = 
Citi,uj) for each ti G qi. Also define S''{t,to;uj) o x = S^^_^(^ti,uj){t,th<^) o 
^k-iiti)- Consider z{s,uj) := Sy{s,t\]uj) o y e Uy for each s G B{K,tl,rl). 
For each t G i?(K,t|,r^) there is satisfied the equality Sy(t,tl;uj) o y = 
Sz{s,Lu){t, s; Lj) o z{s, u), since Sy(t, tl; u) oy = Sy{t, s; lu) o Sy{s, tl; uj) oy due 
to the existence of a local solution. 

Put := UfceTo where Qfe := fl/egfe where Q^,; := {^^ : ti)o 
G e -6(K, i", r;'')}. Prom the existence of a local solution 

it follows, that S''(t,to) o x = S'^(t,to) ° x for each /c > / and each uj G fli. 
In view of Theorem 3.19 there exists limgi^^'Y^^ S^{t, to; uj) = S{t,tQ;uj). For 
each two linearly ordered subsets Ai and A2 in T there exists a linearly 
ordered subset A in T such that A D Ai U A2, hence this hmit does not 
depend on the choice of Tq. Events D,k,i and flk,j are independent in to- 
tal for each / 7^ j: P{^k,i H ^k,j) — P{^k,i)P{^k,j)- Since K is a fi- 
nite algebraic extension of the corresponding Qp, then there exists n G N 
such that K as the Qp-linear space is isomorphic with Qp. Choose Tq 
such that for each qk G Tq the supremum sup^g^^ rf" =■ Sk < and 
card{ti : tl E qkr\ B(K,to,p^)) —: mk,s < P^^'^- In view of the ultrametric 
inequality from ||Q;(a;)-|-/3(a;)|| > S it follows, that max(|Q;(u;)|, |/9(c(;)|) > S for 
each two random variables a and (3. Therefore, from Proposition 3.23 applied 
to (t)j{0 - 0i(^o), and the inclusion ^{t, u) G F, A; C°(T, M)) it follows, 

that P{nk : t G TnB{K,to,p')} > (1 - Cfcp-*^)^'"', where limfcCfc = 0, since 
i{t,Lij) is uniformly continuous on T fl i?(K,to,p'*) for A-a.e. lo. Therefore, 
P{Q^o -.teTn B{K, to,p')} > limfc exp(-Cfesn) = 1 for each given s G N. 

Prom S''{t,to;u;) ox — S''{t,s;u;) o S''{s,to;u;) o x and taking the limit 
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by g G T it follows, that S satisfies the evolution property S{t,tQ;uj) o x = 
S{t, s; u) o S{s, to] ui) o X. Then S{t, to; cu) o a; is a measurable function of x, 
since it is a superposition S{t, to] u!)ox — S^{t, to;u!)ox oi locally measurable 
functions. 

3.25. Corollary. Let conditions of Theorem 3.24 be satisfied, f be a 
function on T x M such that each f o (f)J^ satisfies Conditions 3.11.{iii,iv) 
on its domain. Then a generating operator of an evolution family S{t, r; uj) 
of a stochastic process r){t,u!) = f{t,$,{t,u!)) is given by the equation: 



(i) A{t;u;)rj{t,u;)^ ^ ((m + 6)!)-^ f + 

m+&>l,0<meZ,0<6eZ (=0 



m 



J2 {6(P„.+^-.-i,^(„,^).[(9^V™//aii^9x"^)(M,e(w,a;))o(a;„„,( 

li+...+lm=m-l,ni+...+nm=l 

(m - l){P^,+^-i-i^^^^^^y[{d'V"'f/du''dx"'){u,C{u,u;)) o ® ... ® ai^,nJo 

l{P^,+r.-i,^^^,^y-,[{d'W'^f/du'dx'^){u,^{u,u;)) o {ai,,n, ® ... ® a,^,„^)o 



Proof. In view of Theorem 3.24 there exists a generating operator 
S{t,T;uj) of an evolution family. For each chart {Uj,(f)j) the stochastic pro- 
cess / o is given by Equation 3.12.(i). Consider the covariant differ- 
entiation (V f /dx).h = Vhf on the manifold M, where h e T^M. For a 
random variable belonging to L^(Q, F, A; C^(M, X)) its derivative and par- 
tial difference quotients f o (l)J^[x; h;b) arc naturally understood as el- 
ements of the corresponding spaces L'^{Q,i-, \;C^(Wj,X)) such that each 
limit limx^xo 9(^7^) = c(c^) is taken in L'^{Q,F, X; C^{M, X)), where Wj := 
{{x, h,b) E Uj X X xK : x + bh G Uj}. In another words it exists if and only if 
lim^;^^,) \\g{x,u)—c{uj)\\Li — 0, where c G L^(Q, F, A; X). Then /(t, {(t, cu)) = 
limk fit, S''(t, to] u) o x). For each chart put fj(t,*) := f(t,(f)~^{*)(f)j o Sy), 
where Sy{t,T;uj)y does not leave for A-a.e. w G ^2 a clopen subset Uj in M 
for each t and t E Tj, Tj G T, [jj Tj = T, Tj is a clopen subset in T. Then 
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define {f{t, S''{t, r; oj)x)'^.h = f^{t, S''{t, T)ox)A''{t, r; uj)h and take the limit. 
From Lemma J. 2. 3 ||28| it follows the statement of this Corollary. 

3.26. Remarks. In the particular case 3.10 Formula 3.25. (i) simplifies. 
When the family of F together with all its covariant derivatives along a and 
Ew' is equiuniformly bounded on each Uj, then 3.25. (i) can be written in an- 
other form using the identity V^+V-l^i, /im) = Vh„_^i(V"/.(/ii, ...,h^))- 
EI^i(V"'/).(/ii, hi_i, Vhrr^+ihi, hi+i, ...,hm),m particular with hi G {a, Ew'}. 

In a weak topology C°(T, co(q;, K)) is isomorphic with co{a, K)^. Let 9 : 
K — > R be a continuous surjective quotient mapping such that 9{B(K, 0, 1)) = 
[0, 1]. Then for each ^ e F, A; co(a, K)^) there exists ^(0 e ^'(fi, F, A; 

co(a, R)^*^"^-'), that induces a surjective mapping 9* from F, A; co(q;, K)"^) 
onto F, A; co(a, R)^*^"^-*). Therefore, for each stochastic process r] in 

F, A; Co(a, R)^^^-') there exists a stochastic process ^ in /."^(fi, F, A; Co(a, K)^) 
such that 9{^) = rj. On the other hand, K is a projective limit of discrete rings 
S'tt" isomorphic to the quotient of K by the equivalence relation associated 
with disjoint subsets xj + 7r"i?(K, 0, 1) in K, j = 0, 1, 2, xq := 0, tt G K, 
|7r| = max{|a;| : |x| < l,a; G K}. Therefore, L'?(f2, F, A; co(a, K)^) is isomor- 
phic as the topological space to projective limit of modules L'?(fi, F, A; co(a, S^n)^Tn) 
over discrete rings S^n, since simple functions are dense in L'^, consequently, 
^ is equal to the projective limit of stochastic processes with values in discrete 
modules co(a,S^n) over rings S^n. This opens a possibility of approxima- 
tion of stochastic processes by stochastic processes with values in discrete 
modules. Certainly there is not any simple relation between classical and 
non-Archimedean stochastic equations, so if ^ satisfies definite stochastic 
antiderivational equation relative to w it is a problem to find a classical 
stochastic equation to which 9{C,) satisfies relative to either 9{w) or a stan- 
dard stochastic process (Wiener, Levy) and vice versa. 

Theorem 3.24 and Corollary 3.25 are applicable in particular to totally 
disconnected Lie groups over non- Archimedean fields of characteristic zero. 
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